The propagation of electromagnetic plane waves with negative phase velocity (NPV) is considered in Schwarzschild -(anti-)de Sitter spacetime. It is reported that: (i) NPV propagation occurs in Schwarzschild -de Sitter spacetime at lower values of the cosmological constant than is the case for de Sitter spacetime; (ii) NPV propagation is not observed in Schwarzschild -anti-de Sitter spacetime; and (iii) NPV propagation is not possible outside the event horizon of a Schwarzschild blackhole.
Introduction
Since mid-2000, interest in the phenomenon of negative refraction by certain linear, homogeneous, isotropic, dielectric-magnetic materials has increased dramatically. This followed the announcement of an experimental result that could not be explained in any other way [1] . The underlying reason for negative refraction is that the time-averaged Poynting vector and the wavevector of a plane wave are oppositely aligned in those materials; accordingly we call them negative-phase-velocity (NPV) materials [2] . The potential for industrial applications of negative refraction has resulted in the extension of theoretical studies to bianisotropic materials [2, 3, 4] .
The classical electromagnetic vacuum cannot support NPV plane waves, as it appears the same to all observers moving at constant relative velocities [5] . However, gravitational fields due to nearby massive objects would certainly distort electromagnetic propagation, which points towards the possibility of gravitationally assisted NPV propagation in vacuum. Investigation of a special case showed that this possibility cannot be discounted in spacetime manifolds of limited extent wherein the metric can be assumed to be approximately uniform [6] .
In an earlier communcation we examined the facilitation of NPV propagation of electromagnetic waves by the cosmological constant [7] . We further extend this analysis here to consider both Schwarzschild -de Sitter and Schwarzschild -anti-de Sitter spacetimes.
Schwarzschild -(anti-)de Sitter spacetime
The static Schwarzschild -(anti-) de Sitter metric, with the signature (+, −, −, −), is conventionally expressed in spherical coordinates as [8, 9, 10, 11, 12] 
and M is the mass of the black hole, c is the speed of light in vacuum in the absence of a gravitational field, G is the gravitational constant, and Λ is the cosmological constant. If the cosmological constant Λ is positive, the spacetime is called Schwarzschild -de Sitter spacetime, whereas Schwarzschild -anti-de Sitter spacetime is characterized by Λ < 0 we have [13] . We note that (1) reduces to (i) the Schwarzschild metric when Λ = 0; and (ii) the cosmological metric (de Sitter or anti-de Sitter, according to whether Λ is positive or negative, respectively) when M = 0. Using the coordinate transformation dx = sin θ cos φ dr + r cos θ cos φ dθ − r sin θ sin φ dφ dy = sin θ sin φ dr + r cos θ sin φ dθ + r sin θ cos φ dφ dz = cos θ dr − r sin θ dθ
the metric (1) is represented by g αβ in Cartesian coordinates as §
The electromagnetic response of vacuum in curved spacetime may be described by the constitutive relations of an equivalent, instantaneously responding, medium as per [6, 15, 16] 
wherein SI units are implemented. Here,
, and γ is the 3×3 dyadic equivalent of the metric [ γ ab ] with components
The constitutive relations (6) provide a global description of cosmological spacetime. We focus our attention upon a neighbourhood R of the arbitrary location (x,ỹ,z) wherein the nonuniform metric γ ab may be approximated by the uniform metricγ ab . Thus, we have the uniform 3×3 dyadic representatioñ
We note that det γ = 1 −f −2
. § Roman indexes take the values 1, 2 and 3; while Greek indexes take the values 0, 1, 2, and 3.
Plane waves in R
Planewave solutions
are sought to the source-free Maxwell curl postulates
in R. Here, k is the wavevector, r is the position vector within the local coordinate system centred on (x,ỹ,z), ω is the angular frequency, and t denotes the time; whereas i = √ −1, and E 0 as well as H 0 are complex-valued amplitudes. By combining (11)- (14) we find, after some manipulation, that
where
and k 0 = ω √ ǫ 0 µ 0 . The corresponding dispersion relation det W = 0 is expressible as
Thus, the wavevectors satisfy the condition
as long asγ is nonsingular. Now we turn to the eigensolutions of (15) . By virtue of (18), we have
hence, E 0 is orthogonal to k •γ . Without any loss of generality, let us choose the wavevector k to lie along the z axis, i.e.,
with the unit vectorû z lying along the Cartesian z axis. Thereby,
andû x andû y being unit vectors lying along the Cartesian x and y axes, respectively. Two linearly independent eigenvectors satisfying (19) are provided as
hence, the general solution is given by
wherein C 1 and C 2 are arbitrary complex-valued constants. The corresponding expression for H 0 follows from the Maxwell postulates as
The wavenumbers emerge straightforwardly from the dispersion equation (18) . For k aligned with the z axis we obtain the k-quadratic expression
which yields the wavenumbers
The requirement that k ∈ R imposes the condition
in other words, both 1 −f andf z must have the same signs for real-valued k.
NPV Condition
Let us consider the time-averaged Poynting vector given by
The general solution (26) and (27) delivers
From (24) and (25) we have
and
The inequality k • P < 0 signals NPV propagation [5, 6] . By exploiting (30), we see that NPV follows fromf z < 0 ; i.e., NPV propagation arises provided that
In view of the NPV condition (36), we make the following remarks.
• If M = 0 (i.e., the spacetime is (anti-)de Sitter), then NPV is signalled by the inequality
as has been shown elsewhere [7] ; i.e., anti-de Sitter spacetime does not support NPV propagation.
• If Λ = 0 (i.e., the spacetime is Schwarzschild), then NPV is signalled by the inequality 2GM c 2r >r
The event horizon for a Schwarzschild black hole occurs at [18] r =r EH = 2GM c 2 .
Therefore, considering (38) in light of (39), we see that NPV propagation is not possible outside the event horizon of a Schwarzschild black hole (i.e., forr >r EH ).
• In Schwarzschild -de Sitter spacetime, NPV propagation can occur for smaller values of Λ than is the case for de Sitter spacetime.
• Numerical investigations have shown that the NPV inequality (36) is not satisfied for Λ < 0, in a physically-probeable region of spacetime.
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